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328 [JaJt. 

On the Calculation of Single Life Contingencies.* (Part I.) By 
Professor De Morgan. 

IT is the object of the present article to put together a number of 
formulae which it may be useful to the actuary to find in one place. 
At the same time it may show all persons who possess an elemen- 
tary knowledge of algebra, that they may, with no great amount of 
tables, and processes of very easy application, learn to compute the 
value of any benefit in which the duration of one life only is con- 
cerned. The same principles, with more extensive tables, apply 
to cases in which two or more lives are involved. 

A sketch of the history of the subject will be found in the 
Library of Useful Knowledge, Treatise on Probability; and more 
fully in Mr. Mime's articles on Mortality and Annuities in 
the new edition of the Encyclopaedia Britannica. The articles 
Annuity, Interest, Mortality, and Reversions (when the latter 
appears) in the Penny Cyclopaedia, may also be consulted. 

About thirty years ago, a Mr. George Barrett presented to the 
Royal Society a method by which the calculation of life contin- 
gencies was very materially facilitated. This method the society 
did not think worthy of publication ; and it was accordingly given 
to the world by Mr. Francis Baily, in the appendix to his well- 
known work on Annuities, with some severe remarks on the omis- 
sion just alluded to. It was certainly an unfortunate want either 
of examination or of judgment which caused the Philosophical 
Transactions, the depositary of the writings of many eminent 
inquirers on this subject, to miss a contribution which would have 
done honour to any one of them. This method of Mr. Barrett was 
rendered still more commodious, and we believe, extended, by Mr. 
Griffith Davies, in his Tables of Life Contingencies (1825), a work 
now unfortunately out of print: it is Mr. Barrett's method, as 
improved by Mr. Davies, which we propose to present to the 
reader, with some extension of notation and generalization of 
processes. 

Let it be the law of mortality that of a persons born alive, 

* It has been suggested that a reprint in the Journal of this paper, which, it will be 
remembered, first appeared in the pages of the Companion to the British Almanac for 1840, 
would be very desirable on many grounds; and entirely concurring in the suggestion, 
we now place it before our readers, having obtained the needful authority to do so. We 
have the satisfaction to add that Professor De Morgan has corrected the proofs of this 
reprint, which name strictly applies, nothing being altered except obvious misprints. — 
Ki>. A.M. 
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«i are alive at the end of a year, a 2 at the end of two years, a x at 
the end of x years. Let v be the present value of £1, to be 
received at the end of a year, which depends entirely on the interest 
of money; if r be the interest of £1 for one year, we have 

_ 1 
V ~ 1+r' 

thus, at 3 per cent., r= - 03 and »= '970874. The present values 
of £1 to be received at the end of 2, 3 , .... x years are v*, 
v 3 , .... if . The best way to find these powers will be to take 
the logarithms* from a larger table, such as that in the Penny 
Cyclopaedia, article Interest. Thus the logarithm of 1+r being 

•0128372247, that of v is 9-9871627753—10. 

Multiples of this logarithm being formed up to 104 times, we have 
all the logarithms which will be wanted in the use of the Carlisle 
table. 

Persons not used to computation should remember that the 
easiest way of forming a set of multiples is to write the quantity to 
be added each time at the bottom of a card, and to make each 
addition by holding the card so that the writing on it may stand 
over the last result. In this way it will not take many minutes 
to form a hundred multiples of the preceding, and a verification of 
the last multiple should be made by actual multiplication. 

Obtain as many logarithms as are wanted of the powers of v in 
the preceding manner, allowing as much space between the lines 
as willf contain four lines of figures. Take the table of mortality 
which is to be used, say the Carlisle table, and under the loga- 
rithm of v write that of a x , the number surviving a year ; under 
that of v 2 , write the logarithm of a 3 ; and so on up to the end of 
life. The Carlisle table will be found in Mr. Milne's work on 
Annuities ; it is also in the Penny Cyclopaedia, articlef Mortality. 
Under the last logarithms write in succession the logarithms of 
°*~ a i> a i~ a 2> & c -> the numbers who die in the first, second, &c. 
years : as follows, in which 3 per cent, is supposed. Five decimal 
places are taken, merely as an example ; but it will be almost as 
easy to use seven, as there are no interpolations. 

* We have re-examined this table, and find no error, by Hutton's Tables, p. 386. 

t It will be desirable to have the spaces equal. 

t We have re-examined this reprint, and find it correct. 



330 On the Calculation of Single Life Contingencies. [Jan. 



10000 



1 




logu 


=9-98716- 


-10 


2 


8461 


log a. 


=3-92742 




3 


1539 


log («o- 


-a,)=3-18724 




4 






3-91458 


a x v =8214-5 


5 






3-17440 


(o — a 1 )«=14942 


1 




log» 2 


=9-97433- 


-10 


2 


7779 


loga 2 


=3-89092 




3 


682 


log(a,- 


-«i,)=2-83378 




4 






3-86525 


0i v l =73325 


5 






2-80811 


(a,— a 2 > 2 =6428-5 




&c. 


&c. 


&c. 


&c. &c. 



Those who cannot easily add one line to another which is sepa- 
rated by a third should now cut pieces out of a card in such 
manner that being laid upon one of the compartments of the table, 
the parts cut open will show the first and third line, and the rest 
hide the second and fourth. The fourth line is then formed by 
adding the first and second, and the fifth line by adding the first 
and third, covering the second and fourth. We thus obtain two 
successions of results : — 



(o — «i)» 



atfj 1 a^v 3 . 



&c. 
&c. 



(ai— a 2 > 2 (a 2 — a 3 )t) 3 (a 3 — a 4 )v\ 

Let these be denominated D , Dj, D 2 , &c, and C , C,, C 2 , &c, 

so that 

D =a , D 1 =a,f, T>,=a,if 

C =(«o— «i>» Ci=(°i— «s)»V- • •C,=(«,-«rtiK +l - 
The following table is then to be completed in the manner 

which will be described. 
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The columns D and C have been described ; the rest are formed 
from them as follows. The last of the column N is nothing, 
and N x is always the sum of those in column D beginning with 
Djj+i, and continuing to the end : thus any one D and its N added 
together give the preceding N. Or 

N.=D (rt ., + D. +i +D.+ 1 + • • • -(to *e end) 
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The last S is nothing, and the column S is formed from N as N 
was formed from D in every point except this, that each S begins 
with its own N instead of the one after : thus 

S,=N I +N I+ , + N, +2 +-. . . .(to the end) 

The last M is the last C, and M is formed from C precisely as S 
from N : thus — 

M,=C, + C iH . 1 +C lt+s + ... .(to the end) 
M.=C.+M rt . I . 

Lastly, R is formed from M as M from C : thus 

R,=M,-f M x+1 + M, +2 + . . . .(to the end) 
R,=M,+R W . 1 . 

We here give, as a specimen, the first five, the last five, and an 
intermediate five years, from the Carlisle table at 3 per cent., 
keeping only four significant figures : — 



Age. 
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1 


2 



That the beginner may attach definite ideas to the several 
columns, we subjoin an explanation of each. The assumption is, 
that of 10,000 individuals born alive, the numbers surviving to 
each age, and dying in each year, are as in the last two columns. 

D. J2324 invested at 3 per cent, at the birth of 10,000 
persons, will, improved at compound interest, yield every survivor 
£1 at the age of 30 : the number of survivors being 5642. 

N. £45460 invested at the birth of 10,000 individuals will 
produce, by the time they attain the age of 30, enough to guarantee 
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to each person then surviving an annuity of £1 on his life, the 
first payment being made when he attains the age of 31. 

S. £732 100 will in the same case produce enough to guarantee 
an increasing annuity, paying £1 to each at the age of 31, £2 at 
that of 32, &c. 

C. .£22-8 invested at 3 per cent, at the birth of 10,000 per- 
sons, will, improved at compound interest until the survivors are 
31 years of age, yield £1 for each of those who died between 30 
and 31. 

M. £932 % 7 similarly invested, would yield to each one who 
reaches 30, £1 at the end of the year in which he dies. 

R. £25070 similarly invested, would yield to each one who 
lives to be 30, £1 if he die in the 31st year, £2 if in the 32nd, 
and so on. 

The preceding list simply enunciates the method of constructing 
the tables; the following shows the use to which the mere inspec- 
tion may be put. Take any two ages, say 30 and 34, and transpose 
the numbers opposite each age to the other age : then, whatever 
may be the present age (less than 30) — 

D. A person might now give up £1983, due at the age of 30, 
to receive £2324, if he live to be 34. 

N. A person might now give up an annuity of £37030, to be 
granted at the age of 30, to receive in return another of £45460, 
to be granted at the age of 34, if he should live so long. 

S. A person might now give up a uniformly increasing annuity 
of £563,300 the first year, twice as much the second, &c, to be 
entered upon at the age of 30, to receive another annuity of the 
same kind, beginning with £732,100, to be entered upon at the 
age of 34, if he should live so long. 

C. £19*55 secured to a person in the event of his dying 
between 30 and 31, is now of the same value as £22*80, secured 
to the same person in the event of his dying between 34 and 35. 

M. £846-5 secured to a person at the end of the year in which 
he dies, if after attaining 30, is of the same value as £932-7 
secured to the same person at the same period, if after attaining 34. 

R. An increasing assurance, to be £21470, if a person die in 
his 31st year, twice as much if in his 32nd, &c, is now of the 
same value as ,another, to be £25,070 if he die in his 35th year, 
twice as much if in his 36th, &c. 

These properties are independent of the present age of the 
party, and show that the most simple indication of the tables is 
the proportion in which a benefit due at one age ought to be 
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changed, so as to retain the same value and be due at another age. 
They might, therefore, with great propriety be called commutation 
tables. 

The following formulae and additional notation will be found 

useful. 



I. 



IV. 



V. 



VI. 



VII. 



VIII. 



N I =D^ H + D x+2 +D, +3 + to the end of life. 

M.=0, + Q P+1 + G t+2 + 

S.=N.+N rt . 1 +N rft + . . . •=D, fl + 2D, M +8D. rt + . . . . 
R.=M X +M^ 1 + M^ a + . . . . =Q. + 2C, +1 + 3C I+2 + . . . . 



S.=N.+N rt . 1 +N, 
II. N.-N^ , =D„ 

III. Let N^^N.-N^ 
M»,,=M.— M.+, 



'Dfi 



>*,» =S, — S» + „ — yN I+ „_, 



N«,„ s=N x -N I+v S.,, =S. — S, + „ — yN I+ „_, 

M»,,=M„— M I+ „ R t>r =R,-R, +r — yM m+r . 1 

N *,»= D .+i + D »+2 + + D*+„ (y terms) 

M,, r =C. + 0,+, + + C x+r . l (y terms) 

=D I+1 + 2D, +2 + .... +( y -l)T> T+v _ 1 .. . .(y-1 terms) 
=0. + 2CU, + ....+ (y- 1)C, +V _ 2 . . . . (y- 1 terms) 



•+(y-*+i)i>v=8x-i.v-, + 2 

.+(y-x+l)C v =R„„_^ 2 



Then 

M, r =C. +C x+s + ....+C x+ r- l 
8» v =V x+l + 2I> M+i + .... +(y_l)D lt+v 
R„„=C„ + 2C^, + ....+ (y- 1)C, +V . 

D,+ ....+D v =N,_,, v _ ir+1 

C it +....+C I ,=M ;t „_, +1 

D.+ 

0.+ 

M I ,y+R i+ i,„=R J ,,„ + i=R x — R x+V — 

- -S I+ i, y =N,— -(S, +1 — S„, +1 , +1 ) 
y y 

- - E *+i,»= M *— - ( R *+i — Rm-h-i) 

0,=dD i -D, +1 , M,=t,N,_,-N x 

R,=»S*-i-S, 

M,,,=»N^ liJf -N. ir R^,=eS». lir -S,,, 

* V iTT will \\f* li«*»fnl in vm*iAri-nft> 4-\\a 









The formula VIII. will be useful in verifying the tables. 

All that will be found of demonstration in the present article 
is intended for, those who are familiar with the subject, being meant 
to give a method of dealing with the more complicated cases, and 
particularly a method by which the succeeding formulae may be 
verified. This will be followed by a collection of preparations for 
formulae which may be easily used even by a person unacquainted 
with the demonstration. 
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The present value of £1 to be received by a person now aged x, 
if he live to attain x + k, is Dx+i-s-D*. 

The present value of £1 to be received by the representatives 
of a person now aged x, if he die between the ages of x+k and 
x + k + 1, is C+i-j-D*. 

The following problem will include every case we have yet seen 
proposed of annuities, whether for the whole life, or temporary, or 
deferred, increasing or decreasing uniformly; and also of in- 
surances : with every manner yet proposed of paying the premium. 
It matters nothing that it involves payment of premium after the 
benefits begin to be received, since every application of it will 
require the part of the premium so paid to be made equal to 
nothing. 

Problem. — A person now aged x is to receive s (pounds 
sterling) if he attain x + k. In the n following years he is, if he 
live, to receive a,a + h,....a+ (n— l)h pounds at the end of the 
successive years, and ever afterwards during his life, / pounds at 
the end of each year. But if he die during the n years, he is to 
have A, A + H . . . . A + (»— 1)H, according as he dies in the 
first, second, &c. year, and T at the end of any subsequent year in 
which he dies. Besides this, he is, if he die in w years, to have a 
return of part of the premiums presently described. 

For this he is to pay at once a, and a premium vs, which he is 
to pay / times ; the next m premiums are to be w, w(l +ju)+/3, 
•Er(l+2;u) +2/3, ... . w(l + »i— l/u)+(m— 1)]3; after which the 
premium is always r. But if he should die before he attains x + w 
years, he is to receive at the end of the year of his death p + vm if 
he die in the first year, p + + %via if in the second, and, finally, 
p + (w—l)0 + wwn if in the wth year. Required the equation that 
must exist among these quantities to make the receipts and pay- 
ments of equal value. 

The first set of receipts has the value of the following expres- 
sion divided by D x . 

«D^ + » +1 +(o+A)D a , +J+2 + +(a+n-lh)D x + k+n 

+ ACU,+(A'+H)C„ w+ i+ .... +(A + «-lH)C I+t+ „_ 1 
+ sD x+i + <D, +(+n+1 +....) + T(C I+t+n +. ....), 

which, by the preceding formulae, is 

faN I+ j,„+A8, +t+1 , n + AM :t+i) «-|-Hfi i+ j + i, n \ ^ 

\ +sJ} x+t +tB x+k ^+TM s+i+n J ' 

The balance of the premiums and returns is the following 
divided by D^ : — . 
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(>+«)D.+«(D. fl +.. . . + D J+J - 1) + <gD*+ ; +(-arl-hju+ /3)D,+,+i 
+ . . . . +{^(l + »»-V)+»»-l/3}D I+ , +m _ 1 + r(p, +/+m + . . . .) 

— (p + ^0,— (p + + 2 vot)^] — - (p + to— 19 + wrm)G x+u - 

the value of which, by the same formulae, is 

f <rD„ + wN,_ i, l+m + w/uS^,, „ + ^S^,, „ + rN, + , + ,„ _ 
1 — pM # ,«— eB^+i.^.— J"=rR IfW+l 



I 



(B). 



+ <rD,+/3S, + ,, I „+rN I+ , +m _ 1 
-pM^-OR^., 



The equation of the results (A) and (B) gives 

+AM x+ », n +HR ir+ » +lj . 
V + /N x+t+ „+TM #+J+n . 
This problem contains the circumstances of all which are pro- 
posed, and is here introduced that any question may have the 
result of the common investigation compared with that deduced by 
considering it as a particular case of the preceding. Most of the 
letters will be =0 in any question which occurs; and the following 
list will serve to remind the calculator what letters enter into the 
case before him. 

Occurs in questions which comprise a fixed sum 

at a certain age ; an endowment. 
An annuity, present or deferred, &c. 
An increasing or decreasing annuity. 
A fixed assurance of any kind. 
An increasing or decreasing assurance. 
An increasing or decreasing annuity, with an 

end to the increase, &c. 
An increasing or decreasing assurance, with an 

end to the increase, &c. 
Present value of any kind. 
Fixed premiums of any kind. 
Premiums increasing or diminishing by a pro- 
portion of the first premium. 
Premiums increasing or decreasing by a sum in- 
dependent of the first premium. 
Premiums increasing or decreasing with an end 

to the increase, &c. 
Return of a sum in case of death. 
Return of increasing or decreasing absolute sum 

in case of death. 
Return of increasing or decreasing proportions 
of the first premium in case of death. 



1 
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2 


k, n 


a 


3 


k, n 
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The third column contains the letters indicating benefits or 
payments, and the second column shows the terms of years with 
which the benefits, &c. are particularly connected in the general 
problem. By attention to the conditions, the solution of any case 
can be readily picked out of the general equation, as in the follow- 
ing instances. 

What is the premium to be paid for an insurance of £A. on a 
life aged x, accompanied by a return at death of all the premiums 
paid? 

Here all the letters of the third column vanish except A, is, and 
v, and to, n, and w are to be extended beyond the possible term of 
life, while 1=0, k=0, and v=l. Again, when the age x + y 
extends beyond the term of life, N J ,,- y =N a ,, &c. Consequently the 

equation gives. 

W (N I _ 1 -K S )=AM,. 

Again, what is the present value of an assurance of £A, with 

which the sum paid is to be returned ? Here only a, p, and A 

have value, and a=p, the letters of the first column being as 

before. Hence. 

MP,-M X )=AM X . 

If D x be ever less than M x , this problem is impossible : but D x 
is necessarily greater than M x , being C x (l +r) + C x+ i(l +r) 2 + . . . , 
while M x is C x +C x+I + 

Thirdly, an annuity of £a to commence when a life aged x 
attains x + k is to be bought by a premium regularly diminishing, 
so as to be last paid when the annuity begins (that is, at x + k), 
and a year before a payment of the annuity is made. Here only 
w, ft, and a, have value ; k is given, /=0, to is k+ 1, » outruns the 
term of life, and w=0. And n must be taken negatively, as 
-l-=-(A:+l). Hence 

«M N,-i,*+i — j— j S*,*+i J =«-N«+*i 

Before we proceed further, it may increase the interest attached 
to the formula? if we remark that the principle of these commuta- 
tion tables (as we have called them) can be extended from the 
case of life contingencies to that of interests certain, in such man- 
ner that every formula which gives the value of one of the former, 
may, by going to a different table, be applied to the corresponding 
one of the latter. That is to say, the mathematical treatment of 
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the hypothesis that a life is to last for ever does not differ from 
that of a table of mortality. We should imagine, that in questions 
of instalments particularly, increasing or decreasing, such tables 
would be of very great use. 

To construct them, proceed as follows : — 



D*=v T , N.= - , S,= - 



1-v' u " _ (l_t))»* 

The remaining quantities are useless, being always =0. N*,,, 
and S X)! , may be exhibited as before in the forms 

Suppose, for instance, we take the last question, and require the 
value of the annuity for the whole life (which here means per- 
petuity) of a after the expiration of k years, to be bought by 
regularly diminishing instalments one paid now, &c. The formula 
then becomes 

N_,-(s -s; +1 )H-Fn ' 

1 V 

and N_i= y— — , S = ... _ . 2 . If the value of the tabular quan- 
tities be restored, the preceding (cleared of fractions) is 
a(k+iy+\l-v) 

the same as would be obtained by common methods. The first is 
(with tables) as easily calculated as the second by the common 
tables ; or, if anything, somewhat more easily. 

The particular uses of such commutation tables for certain 
interests would be — 1. That those who can use the life tables more 
readily than the usual tables of interest (many, perhaps most, 
actuaries) would at once be able to apply their facility in the 
former to the new form of the latter. 2. That whenever the 
formula is given in terms of J) y , N„, and S y , it is indifferent at 
what age the perpetual life of the problem is supposed to begin, so 
that a repetition of the simple process upon another age verifies 
the computation. 

We now come to the classification of problems, and the pre- 
sentation of their results. In all cases one of the quantities in the 
third column is to be unknown, and found from the equation. 
Two cases arise — 1. Where all the quantities of the third column 
are independent of each other. 2. Where one is to be a simple 
fraction of another. Thus r, the premium remaining over, or 

VOL. XII. 2 A 
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what we might call the residual premium, might be required to 
be yn, a given fraction of ts ; and the problem might as easily be 
solved if all except, say a, (and the indicators of fractions already 
existing, as ju, v) were to be made given fractions or multiples of f m. 
If (»"sr), in parentheses, be taken as an abbreviation of the 
phrase " coefficient of via" &c, we may, for purposes of general 
consideration, write the equation 

•nr{(«r) + (/iw).ju — (var).v} + &C. =(*).« -+- (a).a + &c, 
the first side entirely depending upon the mode of offering pay- 
ment, and the second upon the nature and amount of the benefit. 
Hence it is useless to combine each of the different benefits with 
all the modes of paying for it; for, as cannot but have been 
observed by those who have used these tables, a given benefit must 
-be always calculated by the same numerator, whatever the single 
mode of payment may be ; and the payment by the same denomi- 
nator, whatever the benefit may be. Thus, if a simple deferred 
annuity be bought by uniform premiums, we have 

/ \ t \ (°) 

(w).m=(a).a, or «= —r .a. 

V") 

But if the single value be paid for the same, we have 

(a) 
(o-)o-=(a).a, or, a=.— ! .a. 
W 

But if the mode of payment be double, say partly by a single 

value, partly by a succession of uniform premiums, we have 

(or).'ar -f (tr)tr=(a).a ; 

from which *r may be given, and a be found, or vice versd. If a is 

to be a given fraction of is, the payment part of the calculation is 

wholly in the denominator. The following rules will be found 

useful as preservatives from error : — 

1. When no part of the benefit is to depend upon the unknown 
item of payment,* no function of the benefit can be in the denomi- 
nator ; and the contrary. 

2. When all the items of payment are fractions of one among 
them, no function of the payment can be in the numerator, and 
the contrary : but when there are parts of the payment not so con- 
nected, those which are known are found in the numerator. 

3. In all the cases not before specified, the numerator is 
entirely a function of the benefit and the denominator of the 
payment. 

* With the payment class any returns of payment in case of the conditions of benefit 
ceasing to exist before it comes due. 
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If we call the two sides of the equation the payment side and 
the benefit side, and if, taking twenty different cases of each, we 
write down the corresponding sides of the equation, we have the 
materials for solving instantaneously any one out of four hundred 
problems, out of which all will be practically useful, in which the 
conditions of the problem make all payments cease at or before 
the time when the benefit begins. This we proceed to do. The 
equation is 

erD,— pM,,„ 
+ OT {N,_i, Hm + fiS t+li m — vR r , „ +1 } 



+ »"N, +I+M _ 1 +/38 r+ ,, m — 0R x+ i,„ 



*D*+* 



+ AM nij , + HR i+jH .,,„ + TM I+J+ „ 



N X „=N,-N X+V 



S Xj y — S„ — 8» +!( — yN I+ y_ i 
R*, ,=R»— R*+„— «/M I+1 ,_ i 



The following are the principal cases of benefits to be bought, 
and under each is written the benefit side of the equation in 
which it enters. The age of the life is x throughout. 

Benefit Terms. — Annuities. 

1. Endowment. — £s to be received in k years if the party be 
then alive, 

2. Life annuity of £a. — First payable in one year, continuing 
through life, 

aN.. 

3. Deferred life annuity. — Deferred for k years, makes pay- 
ment in k+1 years, 

4. Temporary annuity. — Makes no payment after « years 
though the annuitant continue alive, 

«(N,-N, + „). 

5. Temporary deferred annuity. — Deferred k, continues n years, 
first payment in k + 1 years, 

o(N x+ *— N x+4+ .). 

6. Increasing or decreasing life annuity. — Differs from (2) in 
the successive payments being a, a±h, a±2h, &c, 

aN,±hS, +l . 

6 2 . When h=a, for the increasing annuity,* 

* This case can be easily calculated from the common life tables, by a method given 
by the author of this article in his Essay on Probabilities (Cabinet Cyclopaedia). 

2 a 2 - 
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7i. Deferred increasing or decreasing annuity. — Deferred k years, 
first payment a, in k+ 1 years ; second, a±h in A-}-2 years, &c. 

7 2 . When h=a, for the increasing annuity, 

aS x + k . 
8i. Temporary increasing or decreasing annuity. — Lasts » years 
only, 

«(N it -N >;+ „)±^(S I+l -S, + „ +1 -»N, + „). 

8 2 . When h=a, for the increasing annuity, 

«(S,— S, + „— nN* + „). 

9i. Temporary deferred increasing or decreasing annuity. — De- 
ferred A years, continues n years, 

o(N I+ i — N, +l+ „)+A(8 a , + » +I — S I+l+B+1 — bN^h.,,). 
9 2 . When h=a, for the increasing annuity, 
°(8,+* — Sx + i + „ — »N I+J+ ,). 

10. Decreasing annuity, temporary by extinction. — That is, it 
lasts n years, and each payment is less than the preceding by 
1-nth part of ajjin = a), 

11. Deferred dbpreasing annuity, temporary by extinction. — De- 
ferred k years, expires after h + n years, 



"j N» +i (Sj, + j + i — S^+j+^i) [•. 



12. Arrested increasing or decreasing annuity. — Here, after n 
years, when the annuity would begin to pay a±nh, a±(n+l)h, 
&c, the increase or decrease is arrested, and it pays a±{n—\)h 

for the rest of life, 

«N x ±A(S #+1 -S 1+ „). 

13. Increasing or decreasing annuity, deferred and arrested. — 
The period of deferment is k years, and the increase or decrease 
continues » years ; after which, as in the last, 

«N* + i ± h(8 x+k+ i — S x+l+ „). 
14i. Temporary annuity, continued by increase or decrease. — 
Here the annuity is a for m+1 years,* after which it increases or 
decreases by h for p— 1 years, and then stops. 

«(N,— N*+»+p) ± A(« x+ „ + , — 8,+,+.,+, — pK I+ n+ P ). 

* Namely, for » years from the first part, and one year of the continuation. 
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14 2 . The same continued to extinction, (hp = a). 



«{n.-1(s, 



v-'*+»+l — S x+ „ +/ ,.,.i)l-. 



15 j. Deferred temporary annuity, continued by increase or de- 
crease. — Here, after k years, a is paid for w + 1 years, and a±h, 
a±2h, &c, during/?— 1 years more, 

15 2 . The same continued to extinction, (hp = a). 



a \ N„ + * — - (S, + * + „ +1 — S» +J+ „ +;>+ i) j-. 



In the preceding list it is obvious that any benefit there 
described is converted into another of the same kind, but deferred 
for k years, simply by changing x into x + k. In like manner the 
benefit might be anticipated a year, by writing x — 1 for x, which 
would make all the immediate annuities become due, or would 
alter their technical character from annuities to premiums. Simi- 
larly, if we compare the meanings of D^j-i-D, and C x+ i-i-I> x , 
we see that 



The first is the value of £1 to be 
received if the person begin his 
(x + k + l)th year, whether he 
live through it or not. 



The second is the value of £1 to 
be received if the person begin 
his (ar + A;H-l)th year, and do 
not live to finish it. 



If, then, we change D x into C x , &c, in any problem of annui- 
ties, and alter the benefit side of the equation accordingly, we 
make a change of benefits as follows : — At every period at which 
the claimant, being alive, should receive a sum of £], let him 
receive it a year later, but only if he die within the year, and let 
it be forfeited if he live. Consequently an annuity to be paid, 
say at the seventh, eighth, and ninth birthday from the present 
time, would thus be turned into an assurance to be paid at the 
eighth, ninth, or tenth birthday, if the party should die in either 
of these years. But since M, was made to begin a year earlier 
than Ng., or M a .=C x + . . . and N X =J) X+1 + . . . , this change of 
conditions ,as to time is compensated by the structure of the tables ; 
and any one of the preceding annuity benefits is converted into its 
corresponding assurance benefit, so far as the benefit side of the 
equation is concerned, by changing N x into M x and S x and R,.. 
But if D x ever occur, we must change it into C a _i if the time of 
payment is to be the same in both. 

We might thus dispense with the following list, but, in an 
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article of reference it is desirable, were it only to avoid the neces- 
sity of looking under one head while thinking of another. 

Benefit Terms. — Assurances. 

1. Endowment assurance. — £S to be received in k years, if the 
person now aged % died in the preceding year, 

2. Life assurance* of £A. — Payable at the end of the year of 
death, AK 

3. Deferred assurance. — Payable at death, if more than k years 
hence, . x , 

4. Temporary assurance. — Payable at death if within n years, 

A(M X -M* +B ). 

5. Temporary deferred assurance. — Payable at death, if between 
the ages of x + k and x + k + n, 

A(M I+l -M ;c+l+ „). 
6i. Increasing or decreasing life assurance. — Payable at deatb, 
A if in the first year, A±H if in the second, A+2H if in the 
third, &c, 

AM,±HR X+1 . 

6 2 . When H = A, for the increasing assurance, 

AR X . 

7 X . Deferred increasing or decreasing assurance. — Deferred k 
years, A if death in (k+ l)th year, &c, 
AM, + »±HR ie+ » +1 . 
7 2 . When H=A, for the increasing assurance, 

AR* + *. 
8j. Temporary increasing or decreasing assurance. — If death 
take place in n years, 

A(M,- M x+ „)±H(R ;t+1 - R«+„ +1 -»M it+ „). 
8 a . When H=A, for the increasing assurance, 

A(E I --R x+n ~nM x+n ). 
9^ Temporary deferred increasing or decreasing assurance. — 
Deferred k years, continues n years, 

A(M„ tl - M, +s+B ) ± H(R x+l+ i — R I+i+ , +1 — nM^ i+m ). 

* Actuaries say assurance, and others insurance. The difference may be made useful 
in remembering (what the courts of law have not yet found out) that a fife assurance and 
a fire insurance are very different things. 
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9 2 . When H=A, for the increasing assurance, 

ACR^*— R» + j+»— «M, + *+„). 

10. Decreasing assurance, temporary by extinction. — Payable at 
death, A if in the first year, (»— l)-nths of A if in the second, &c, 

a{m.-£(H n .i-IUh-i)}- 

11. Deferred decreasing assurance, temporary by extinction. — 
Payable A, if death take place in the (k + l)th year, &c, 

■A-jMjj+i— -(K I+i+1 — R, + i + „ + i)|-. 

12. Arrested increasing or decreasing assurance. — Here, after n 
years, when the sum payable should be A±»H, &c., the increase 
or decrease is arrested, and A±(m— 1)H is the assurance for the 
rest of life. 

AM^HCR^-R,^). 

13. Increasing or decreasing assurance, deferred and arrested. — 
Deferment k years, increase or decrease n years, after which as 
in the last. 

AM»n+H(E^.i +1 -R rti+ ,). 

14i. Temporary assurance, continued by increase or decrease. — 
Here the assurance is A for n + 1 years, after which it increases or 
decreases by H forp — 1 years, and then stops. 

A(M X — M x+ . +? )±H(R x+ll+1 — R #+ , +p+1 — pM. x+nJ , p ). 

14 2 . The same, continued to extinction, (Hp=A), 



A | M„ — - (a ie+n+1 ^K e+x+p+1 ) V. 



15 1. Deferred temporary assurance, continued by increase or 
decrease. — Here, after k years, A is the assurance for n + 1 years, 
and A±H, A±2H, &c, for p— 1 years more. 

A(M, +l — M 4 . + j i+ „ +J ,)±H(R I+l+B+1 — R^+t+n+y+i — pM x+k+H+p ). 

15 2 . The same, continued to extinction, (Hp=A), 

AjM^t— - (R, +t+ „ +1 — R^. 4+n+1)+1 ) J-. 

We now come to the enumeration of the different cases of the 
payment side of the equation. This we shall divide into two 
tables, one expressing the terms dependent on the premiums to be 
paid, the other the returns (where there are any) to be made in the 
event of no benefits becoming due. 
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Payment Terms. 

1. Single premium. — The whole present value of the benefit, a, 
paid at once, D 

2. Life premium. — £n now, and the same at the end of every 
year during life, N 

3. — Temporary premium. — jBot now, and I— 1 more times, 
/ times in all, , N „ s 

Ax. Life premium, increasing or decreasing by a proportion. — 
£v now, and (l±ju)w, (l±2/i)w, &c, in succeeding years, 

4^. When /xsal, for the increasing premium, 

•S.-1. 

5. Temporary premium, increasing or decreasing by a proportion. 
To last only m years, last premium (l±m — lju)"ar, 

i*{ N *-i- N *+.»-i±M 8 *— S^-mR^.,)}. 

6. Premium temporary by extinction. — Here mju=l, and the 
extinction takes place after m premiums, 

7. Arrested proportionally increasing or decreasing premium. — 
The premiums of m years are vs, . . . ■ar(l±m— lju), at which they 
afterwards remain, 

•^{N^+^S*— S^ +m _i)}. 
8j. Temporary premium, continued by proportional increase or 
decrease. — Here Z+ 1 premiums *sr are to be paid : afterwards m— 1 
premiums w(l±ju), w(1±2ju) . . . -sr{l±(»i— l)/u}, 

w{N,_,— N a , + , +m _ 1 ±fi(S T+ ,-S x+ , + „-mNs + , +m _,)}. 

8 2 . The same continued to extinction, (/xm = \), 

»|N,_i — - (8,+,— S, +/+m )|. 

9. Life premium, increasing or diminishing by an absolute sum. — 
Premium •sr, ^±(3, w±2j3, &c, 

10. Temporary premium, increasing or diminishing absolutely. — 
To last m years, last premium w±(m— 1)|3, 

«<N ;r . 1 -N, +1B _ 1 )±/3(S,-S ;t+ „-mN ;t+m _ 1 ). 
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11. Arrested absolutely increasing or diminishing premium. — 
The first m premiums are is, is+fi, . . . is±(m— l)/3, at which 
they afterwards remain, 

«rN,. 1 ±/3(S,~S, +1 „_ 1 ). 

12. Temporary premiums continued by absolute increase or 
decrease. — Here /+ 1 premiums m are to be paid ; afterwards m — 1 
premiums w±/3, w+2/3, . . . *s±:(m — l)/3, 

^(N,-.,— N, +/+m _ 1 )±/3(S I+) — 8 x+l+m -m¥i lt+l+m .i). 

The following is the table of modes of returning a portion of 
the premiums. 

N.B. These tables do not suffice to calculate the effect of the 
return of a given proportion of varying premiums. The quantities 
following are positive when put on the benefit side, and negative 
when on the payment side. It must, of course, be obvious that 
this is only another table of the values of assurances, described so 
as to meet the form in which problems are usually given. 

Return Terms. 

1. Fixed return at death. — A fixed sum p returned whenever 
the death may take place, 

2. A fixed return at death, if before w years have elapsed, 

p(M x — M, + „). 

3. Return at death of a proportion of fixed premiums. — That is, 
vsr, if the death take place in the first year, 2<"sr if in the second, &c. 

vsrR x . 

4. Return at death of a temporary portion of fixed premiums, if 
the death take place within w years, 

vw(R,— B» + „— wM I+ „). 

5. An increasing or decreasing sum returned at death. — p if in 
the first year, p±0 if in the second, &c. 

6. The same if the death place in w years, 

p(M x -M, + „)±e(R^,- R x+( ^, -«;M^„). 

7. An arrested increasing or decreasing sum returned at death. — 
p if in the first year, p±(w— 1)0 if in the wth or any following year, 

pM x ±0(R, +1 -R, + „). 
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8. A fixed sum, p, or a fixed proportion of premiums* returned 
if the life continue w years, 

pD x+u . 

A few general rules will be readily collected from the preceding, 
and may be simply demonstrated. They might be made the foun- 
dation of a synthetical view of the subject. 

1. Every thing depends on the fundamental calculation of the 
various cases of the benefit side of the equation. 

2. The benefit side of the equation being found for the whole 
life, that for the same benefit deferred k years is found by writing 
x + k for a?. 

3. And that for the same benefit to last n years is found by 

changing 

N, into N^ B , M, into M,,„. 

With regard to S x and U x , the change must be regulated by 
the following consideration. When their exponent is one more than 
the present age, or the age at a term mentioned in the problem, 
change S x into S*,,,, and R x into R, x< „. But whenever S x or R x 
has the exponent of the present age, or of that at the beginning of 
a term, change S x into S X) „ + i and R x into R,, fl+ i (compare (page 
16),t the transition from 6i to 8i with that from 6 2 to 8 2 ). If no 
simplifications were allowed — that is, if N or M were- always 
retained for the permanent portion of an annuity or insurance, and 
S or R for the term depending on the value of the incremental 
portion, the first rule would be sufficient. 

4. All the cases are then derived from the following : — 

K, on the benefit side of the equation, an annuity of £1, £1, £1, &c. 
M x „ „ assurance of £1, £1, £1, &c. 

S x „ „ annuity of £1, £2, £3, &c. 

R, „ „ assurance of £1, £2, £3, &c. 

5. Every formula in which any particular relations exist should 
be carefully looked at with a view to simplification. 

If we wish to make a benefit begin k years earlier, we write 
x—k for a?. In the case of an immediate annuity this is intelligible 
enough when k=\, but N x _*, when k is greater than 1, is the 
impossible quantity of this branch of algebra. Its meaning is as 
follows : — suppose a person has been k years in the enjoyment of a 
benefit, or of the chance of a benefit, for which he ought to have 
paid when such enjoyment began ; suppose also that, had he died 
during the k years, the claimant of the payment would have had 

* For a given year a proportion of the premiums paid by that time is simply a fixed sum. 
t Pages 339 and 340 of this reprint.— Ed. A.M. 
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no means of recovering his rights. According to the principles 
which regulate these transactions, the holder of the unbought 
benefit ought to pay the claimant not only all arrears with com- 
pound interest, if any, but also compensation for the chance of 
loss which he has run. The value of such compensation is found 
by writing x—k for a; in the value of the benefit as reckoned from 
the present time. Thus, N3o^-D 60 is what a person now aged 50 
should pay for the past and the future, who has been in unbought 
possession of an annuity of £\ for 20 years ; and C 30 -s-D 60 is what 
a person aged 50 should now pay for the unbought chance of 
having formerly received £1, if he had died between 30 and 31. 

This last consideration will be particularly important in its 
application to the commutation tables for interests certain, as we 
may thus find the value of all arrears, or may solve a case in 
which partly arrears and partly prospects are to be valued. For 
instance, a person engaged to pay a decreasing rent for certain 
tenements, £a at the end of the first year, a — h of the second, &c, 
and a—{n—\)h at the end of the wth and last: k years elapse 
during which he pays no rent, and then his affairs pass into the 
hands of assignees, who are desirous of paying the arrears and 
buying the remaining term for one sum. Here, at the commence- 
ment, the payment side of the equation is <rD x , and the benefit 
side is dN Xy „— hS x+1<n : put the last back k years (assuming the 
age, which is indifferent,* to be k), and we have 
o( No-N.)-a(S 1 -S H i ,-«N-J 

°= ns ' 

which is the sum to be demanded of the assignees. [Take notice 
that this is not the legal demand, since the law will not allow com- 
pound interest on neglected arrears : it shows the sum necessary 
to put the creditors in the position they would have had, if they 
had received all payments when due, and invested them at com- 
pound interest.] 

It now only remains to show an example of the mode of pro- 
proceeding with the registered cases. 

An assurance, to commence in k years, and to be £A, A + H 

. . . . A+ (n— 1)H in the following n years, at which last sum it is 

arrested, together with an annuity of £a, to begin at the same 

term and to last n years, is to be bought by present payment of a 

sum a, and also of a premium which is extinguished after k years, 

or in k + 1 payments, on condition that the sum a shall be returned, 

* In the tables for interests certain it will do equally well to put the payment side 
forward k years. 



Payment 
terms. 
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with simple interest, if the life drop during the k years. Required 
the first premium *s. 

Benefit (The assurance (13), AM x+i + H(R x+J+1 — R^^,,) =V 
terms. (The annuity (5), a(N x+k — N I+i+ „) =W 

The fixed sum a (1), oD„ =X 

' Premium (6), «{n_,- ^y (8,-S^n.,)} =Ytf 

■n , [Return of tr{l+r) in the first year, &c. 

terms" *1 +'XM,-M^) + r«r(R lH . I -I^ 1 -*M^) = Z 

temS - (or ff (M s -M I+i )+r«r(R I -R^-M I+s ). 

As no further simplification suggests itself, each term had 
better be calculated for the particular case wanted : we have then 

V+W+Z— X 
X+Y.-Z-V+W, *>= - f • 

When it becomes necessary to return proportions of decreasing 
premiums, new tables must be constructed from S^ and R x , say 
Zj,, and Y x , so that 

Z,=S # + 8^! -+- 8^+2 + 

Y*=R X + R I+ i + R x+ 2 + . . • • 

These, divided by J) x , will give the values of the annuity or assur- 

ance, £1, 3, 6, . . . . , or n — jr— in the »th year : and the effect of 

these tables, combined with the others, will be to give the value of 
an annuity or assurance which is a + hn + qn 2 in the nth year. 

In Mr. Barrett's original method, which is still followed by 
some actuaries, are three columns only, answering to D, N, and 
S, which, by aid of the first three formulae VIII., give C, M, 
and R. The great principle of the method, namely, the formation 
of tables by which deferred, temporary, and increasing benefits are 
as easily calculated as those for the whole life, belongs to Mr. Barrett 
as much as the invention and construction of logarithms to Napier. 
On the other hand, Mr. Griffith Davies, by the alteration presently 
noted, and the separate exhibition of M and R (he has not given 
C, which is of little use in practice, though essential to the theory), 
has increased the utility and extended the power of the method to 
an extent of which its inventor had not the least idea ; and has all 
the rest of the claim in the matter which is made for Briggs in the 
adaptation of logarithms to practical use. Nor must it be forgotten 
that in all probability this most expeditious mode of conducting ope- 
rations would not have been now in existence but for the sagacity 
of Mr. Baily, who, as we have seen, saw further into its merits 
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than the Royal Society. In Mr. Barrett's form there are three 
columns, A, B, and C ; and A x is not a x if, but a x (l +r) a - s , where 
w is the greatest age any individual can attain. Also B x is not 
^*+i+ • • • > but A x + . . . , so that the value of an annuity on a 
life aged x is B x+1 : A x . Again, C x is B s +B tt+l + ... The fol- 
lowing comparisons may be useful to those who are habituated to 
Barrett's original form, remembering that C, now means Barrett's 
third column, and not what it has hitherto stood for : — 

A,=D X «-, D.=A^-, 
B,=N,_,t>~, N I= B^,f-, 
C,=8_,tr-, S,=C^,»-. 

Since, then, Barrett's form is that of Mr. G. Davies multiplied 
by a constant factor, the former are also commutation tables, using 
the life a year older than the given life in the second and third 
columns. 

In conclusion, we may mention that when a whole table is to be 
calculated, it may happen that it is better to dispense with the 
assurance columns by means of VIII. Thus in the case of the pre- 
mium of assurance for a term of years (as noted by Mr. 6. Davies) 

M-e- M^,, . N^-N^,, 

— a •? _ 1S no t so convenient as v— 



The only works of which the writer is aware, in which the pre- 
ceding method, whether called by the name of Barrett or Davies, 
is treated, are the Appendix to Mr. Baily's Treatise on Life Annui- 
ties, &c. j the French translation of the same ; Mr. 6. Davies' 
work, already cited; a Note in the Appendix to Mr. Babbage's 
Treatise on Life Assurance ; and the treatise on life annuities, &c, 
by Mr. Jones, now in course of publication in the Library of 
Useful Knowledge. 

A. DE MORGAN. 
University College, London, 
October 1, 1839. 

Since writing the above, it has struck me that it would be more 
convenient to make the calculations in page 6 [that is, at the 
commencement of the article] by writing the logarithms of a x and 
a x —a x+ i, one above and the other below the logarithm of v", than 
by writing both of the former below the latter. 



